We provide a construction of sets of d/2 + 1 mutually unbiased bases (MUBs) in dimensions d = 4, 8 using maximal commuting classes of Pauli operators. We show that these incomplete sets cannot be extended further using the operators of the Pauli group. However, specific examples of sets of MUBs obtained using our construction are shown to be strongly unextendible; that is, there does not exist another vector that is unbiased with respect to the elements in the set. We conjecture the existence of such unextendible sets in higher dimensions d = 2 n (n > 3) as well.
Introduction
Two orthonormal bases A = {|a i , i = 1, . . . , d} and B = {|b j , j = 1, . . . , d} of the ddimensional Hilbert space C d are said to be mutually unbiased if for every pair of basis vectors |a i ∈ A and |b j ∈ B,
1 Two bases A and B that are mutually unbiased have the property that if a physical system is prepared in an eigenstate of basis A and measured in basis B, all outcomes are equally probable. A set of orthonormal bases {B 1 , B 2 , . . . , B m } in C d is called a set of mutually unbiased bases (MUBs) if every pair of bases in the set is mutually unbiased. MUBs play an important role in our understanding of complementarity in quantum mechanics and are central to several key quantum information processing tasks including quantum cryptography and state tomography.
MUBs form a minimal and optimal set of orthogonal measurements for quantum state tomography [1, 2] . To specify a general density matrix ρ ∈ C d , which is Hermitian and has Tr(ρ) = 1, one needs d 2 − 1 real parameters. Since measurements within a particular basis set can yield only d − 1 independent probabilities, one needs d + 1 distinct basis sets to provide the required total number of d 2 − 1 independent probabilities. Correspondingly, the maximal number of MUBs that can exist in d-dimensional Hilbert space is d + 1 and explicit constructions of such maximal sets are known when d is a prime power [2, 3, 4] . However, in composite dimensions while smaller sets of MUBs have been constructed [5, 6] , the question as to whether a complete set of MUBs exists in non-prime-power dimensions still remains unresolved. We refer to [7] for a recent review of the various constructions and applications of MUBs.
MUBs also play an important role in quantum cryptographic protocols, since they correspond to measurement bases that are most 'incompatible', as quantified by uncertainty relations. A set of measurement bases is said to be maximally incompatible if they satisfy a maximally strong uncertainty relation. Being mutually unbiased is a necessary condition for a set of measurement bases to be maximally incompatible [8] . The security of cryptographic tasks such as quantum key distribution [9] and two-party protocols using the noisystorage model [10] relies on this property of MUBs. In particular, protocols based on higherdimensional quantum systems with larger numbers of unbiased basis sets can have certain advantages over those based on qubits [11, 12] . It is therefore important for cryptographic applications to find sets of MUBs that satisfy strong uncertainty relations.
Related to the question of finding complete sets of MUBs is the important concept of unextendible MUBs. A set of MUBs {B 1 , B 2 , . . . , B m } in C d is said to be unextendible if there does not exist another basis in C d that is unbiased with respect to all the bases B j , j = 1, . . . , m. In this paper we show the existence of unextendible sets of MUBs even in systems for which a complete set of MUBs is known to exist.
We follow a standard construction of MUBs based on finding mutually disjoint, maximal commuting classes of tensor products of Pauli operators [3, 4] . It is always possible to find a partitioning of the n-qubit Pauli operators in d = 2 n into d + 1 disjoint maximal commuting classes, the common eigenbases of which form a complete set of d + 1 MUBs [3, 4] . Here, we show that there exist smaller sets of k < d + 1 commuting classes {C 1 , C 2 , . . . , C k } in d = 4, 8 that are unextendible in the following sense-no more maximal commuting classes can be formed out of the remaining n-qubit Pauli operators that are not contained in C 1 ∪ C 2 . . . ∪ C k . The eigenbases of {C 1 , . . . , C k } thus give rise to a set of k MUBs which cannot be extended using joint eigenvectors of maximal sets of commuting Pauli operators. We call such sets weakly unextendible.
We also obtain examples of strongly unextendible sets of MUBs using our construction of unextendible classes in d = 4, 8, that is, there does not exist even a single vector unbiased with respect to the bases in these sets. For two-qubit systems, our construction of unextendible sets of maximal commuting Pauli classes enables us to prove the tightness of an entropic uncertainty relation. Furthermore, we also demonstrate an interesting connection between unextendible sets of classes and state-independent proofs of the Kochen-Specker Theorem [13, 14] . The rest of the paper is organized as follows. We formally define weak and strong unextendibility in Section 2 and review the standard construction of MUBs from maximal Pauli classes. In Section 3 we state our main results on constructing unextendible Pauli classes in d = 4, 8, detailed proofs of which are given in Appendix A and B. In Section 4 we present examples of sets of MUBs obtained using our construction that are in fact strongly unextendible. Finally, we discuss properties and potential applications of such unextendible sets in Section 5.
Preliminaries

Construction of MUBs from Maximal Commuting Operator Classes
Let S be a set of d 2 mutually orthogonal a unitary operators in C d . This set of d 2 operators (including the identity operator I) constitutes a basis for the space of d × d complex matrices. A standard construction of MUBs outlined in [3, 4] relies on finding classes of commuting operators, with each class containing (d−1) mutually orthogonal commuting unitary matrices different from identity.
Definition 1 (Maximal Commuting Operator Classes) A set of subsets {C 1 , C 2 , . . . , C L | C j ⊂ S \ {I}} of size |C j | = d − 1 constitutes a (partial) partitioning of S \ {I} into mutually disjoint maximal commuting classes if the subsets C j are such that (a) the elements of C j commute for all 1 ≤ j ≤ L and (b) C j ∩ C k = ∅ for all j = k.
In the rest of the paper, we often use the term operator classes to refer to such mutual disjoint maximal commuting classes. In particular, we use the term Pauli classes to refer to mutual disjoint maximal commuting classes formed out of the n-qubit Pauli group P n .
The correspondence between maximal commuting operator classes and MUBs is stated in the following Lemma, originally proved in [3] . Lemma 1 The common eigenbases of L mutually disjoint maximal commuting operator classes form a set of L mutually unbiased bases.
Unextendibility of MUBs and Operator Classes
Definition 2 (Unextendible Sets of MUBs) A set of MUBs {B 1 , B 2 , . . . , B L } is unextendible if there does not exist another basis that is unbiased with respect to the bases B 1 , . . . , B L .
For example, it is known that in dimension d = 6, the eigenbases ofX,Ẑ andXẐ are an unextendible set of three MUBs [5] , whereX andẐ are the generators of the Weyl-Heisenberg group. This has the important consequence that starting with the Weyl-Heisenberg generators we cannot hope to obtain a complete set of seven MUBs in d = 6. This result has been a Orthogonality is defined with respect to the Hilbert-Schmidt norm. Unitary operators U i and U j are said to
generalized recently by removing the restriction that the second basis be related to the WeylHeisenberg group. In particular, it is shown that allowing for different choices for the second basis, by thoroughly sampling the set of currently known complex Hadamard matrices in C 6 , also leads to unextendible sets of three MUBs in d = 6 [16] .
Furthermore, the existence of an infinite family of unextendible triplets of MUBs in d = 6 has been proved using the Fourier family of Hadamard matrices [17] . Similarly, it has been shown that starting with two product bases in d = 6 also yields unextendible sets of three MUBs [18] . These results further lend credence to the long-standing conjecture [20] that any set of three MUBs in d = 6 is in fact unextendible to a complete set.
Moving away from six dimensions, the set of three MUBs obtained in d = 4 using Mutually Orthogonal Latin Squares (MOLS) [6] is an example of an unextendible set of MUBs in primepower dimensions [15] .
A stronger notion of unextendibility can be defined as follows. Definition 3 (Strongly Unextendible Sets of MUBs) A set of MUBs
d is said to be strongly unextendible if there does not exist any vector v ∈ C d that is unbiased with respect to the bases B 1 , . . . , B L . The eigenbases ofX,Ẑ andXẐ in d = 6 are known to be strongly unextendible [5] . It is further conjectured that the set of three MUBs obtained as eigenbases ofX,Ẑ andXẐ are strongly unextendible in any even dimension (d = 2m), a conjecture that has been verified for d ≤ 12 [21] . More recently, it was shown that any set of three mutually unbiased product bases in dimension six is strongly unextendible [19] .
The correspondence between MUBs and maximal commuting operator classes gives rise to a weaker notion of unextendibility, based on unextendible sets of such classes. Definition 4 (Unextendible Sets of Operator Classes) A set of mutually disjoint maximal commuting classes {C 1 , C 2 , . . . , C L } of operators drawn from a unitary basis S is said to be unextendible if no other maximal class can be formed out of the remaining operators in
The eigenbases of such an unextendible set of classes form a weakly unextendible set of MUBs, as defined below. Definition 5 (Weakly Unextendible Sets of MUBs) Given a set of MUBs {B 1 , B 2 , . . . , B L } that are realized as common eigenbases of a set of L operator classes comprising operators from S, the set {B 1 , B 2 , . . . , B L } is weakly unextendible if there does not exist another unbiased basis that can be realized as the common eigenbasis of a maximal commuting class of operators in S.
For example, consider the following three Pauli classes in d = 4:
Here, X, Y, Z denote the standard single-qubit Pauli operators. The partitioning above makes use of only nine of the fifteen two-qubit Pauli operators that constitute the set P 2 \ {I} in d = 4. It is easy to check by hand that it is not possible to find one more set of three commuting operators from the remaining set
of six Pauli operators. The set of three classes in (2) is thus unextendible, and their common eigenbases are therefore a set of weakly unextendible MUBs. We note that this set of MUBs was obtained earlier [22] via a construction of smaller sets of MUBs in dimension d = 2 n using the generators of the Clifford algebra. This set was observed to have interesting properties, in particular, saturating an entropic uncertainty relation (EUR) for the H 2 entropy. Here, we explicitly prove the tightness of the EUR using our construction of unextendible classes (see Section 5.2).
Construction of Unextendible Pauli Classes in
n dimensions, the set P n \ {I} of all tensor products of Pauli matrices contains a total of (4 n − 1) operators. As observed earlier, there exists a partitioning of these (d 2 − 1) operators in P n \ {I} into a complete set of (d + 1) mutually disjoint maximal commuting classes, with each class containing (d − 1) n-qubit Pauli operators. We begin by observing a few properties of such complete sets of Pauli classes which provide some intuition into our construction of unextendible Pauli classes.
(P1) Each operator in P n \ {I} commutes with ( (P2) Each maximal commuting class is in fact an Abelian group generated by a set of n commuting operators. The remaining operators are simply products of these n generators.
For example, in d = 4, each maximal commuting class is generated by two commuting Pauli operators. The third element of the class is simply the product of the two generators. Similarly, in d = 8, every maximal commuting class is generated by three commuting operators, say, U 1 , U 2 , U 3 . Then, the non-trivial elements in the class are given by:
(P3) Given any two maximal commuting classes, the remaining d − 1 maximal commuting classes that constitute a complete set can be realized as products of the operators in these two classes. That is, given the d − 1 operators of C i and the d − 1 operators in
, the remaining d − 1 classes can be obtained as products of these (d − 1) 2 operators. This fact follows from the following Lemma.
Lemma 2 The in total 2n generators of any two disjoint maximal commuting classes are independent of each other.
Proof: Suppose that the n generators of a class C i and the n generators of C j (j = i), are not independent of each other. This implies that at least one of the generators, say σ
1 ∈ C j , can be expressed as a product of some generators σ
µ ∈ C i and some of the remaining n − 1 generators of C j , that is, σ
ℓ . But this would mean that the non-trivial operator σ
m belongs to both C i and C j , which are in fact disjoint sets. Thus the generators of any two classes must be independent of each other. Note, however, that if we include a third class C k , the generators of C k can be obtained as products of the generators of C i and C j .
(P4) Every operator in a given class C i commutes with at most n − 1 generators of any other class C j (j = i), and a total of 2 n−1 − 1 operators in the class C j . If an operator of C i were to commute with all n generators of C j , it would give rise to a set of n + 1 independent commuting operators, leading to a total of 2 n+1 − 1 commuting operators. Such a set cannot exist in d = 2 n since the cardinality of a maximal commuting set is 2 n − 1.
(P5) No two elements of C i can commute with the same set of 2 n−1 −1 operators in a different class C j (j = i). This is formally stated and proven in the following Lemma. Lemma 3 Every operator U i ∈ C i commutes with exactly 2 n−1 − 1 elements in any other class C j (j = i). This set of 2 n−1 − 1 operators is unique, that is, no two elements of C i can commute with the same set of 2 n−1 − 1 operators in a different class C j (j = i).
Proof: Suppose two operators U i , V i ∈ C i commute with the same set of 2 n−1 − 1 operators in C j (j = i). This would imply that U i , V i commute with the same n − 1 generators of C j , thus leading to a total of n+1 independent operators that all commute. These n + 1 operators will then generate a set of 2 n+1 − 1 commuting operators, but such a set cannot exist in dimension d = 2 n . Thus, no two operators of a class C i can commute with the same set of 2 n−1 − 1 operators in a different class C j (j = i).
Weakly Unextendible Sets of Three MUBs in d = 4
We now state our central result on constructing weakly unextendible MUBs in d = 4, and give the proof in Appendix A. Theorem 1 Given three Pauli classes S 1 , S 2 , S 3 that belong to a complete set of classes in d = 4, there exists exactly one more maximal commuting class of Pauli operators S (distinct from S 1 , S 2 , S 3 ) that can be formed using the operators in S 1 ∪ S 2 ∪ S 3 .
The class S along with the remaining two classes S 4 and S 5 (in the complete set) form an unextendible set of Pauli classes, whose common eigenbases form a weakly unextendible set of three MUBs.
For example, consider a complete partitioning of the two-qubit Pauli operators in P 2 \ {I} as follows:
The unextendible set in (2) is then constructed as follows: C 3 is the unique Pauli class that can be formed using the operators in S 1 , S 2 , S 3 , whereas C 1 and C 2 are simply the remaining two classes S 4 and S 5 . Theorem 1 not only proves the existence of unextendible sets of Pauli classes in d = 4, but provides a way to construct unextendible sets starting from any two Pauli classes. Proof: To see this, we first note that any two disjoint Pauli classes C 1 and C 2 in d = 4 can be extended to a complete set of maximal commuting classes. Let,
Each element in C 1 commutes with exactly one element in C 2 . Assume without loss of gener-
. The remaining three classes are then given by
Commutativity within each class can be shown by direct calculation.
Once we have the remaining three classes that form a complete set, Theorem 1 guarantees that we can form exactly one more maximal commuting Pauli class using the remaining three classes. Thus, if we construct C Finally, we show that using the two-qubit Pauli operators, we cannot find any unextendible sets of four MUBs in d = 4.
Theorem 2 Given two Pauli classes C 1 and C 2 that belong to a complete set of maximal commuting classes, there do not exist two more Pauli classes C Proof: Let C 3 , C 4 , and C 5 denote the remaining three classes of the complete set which are uniquely determined once C 1 and C 2 are given. Suppose there exist C ′ 3 and C ′ 4 as described above. Then, C ′ 3 has to be constructed from the elements of C 3 , C 4 , and C 5 . Theorem 1 implies that one can construct exactly one more maximal commuting class using the elements of C 3 , C 4 , and C 5 . Let us denote this class by C unext . Thus, C ′ 3 is either the same as C unext , or it has to be one of C 3 , C 4 , or C 5 . In the former case, there cannot exist a C ′ 4 such that its common eigenbasis is unbiased with respect to the other three. In the latter case, we simply recover a complete set of five MUBs, thus showing that we cannot obtain a weakly unextendible set of four MUBs starting from two classes.
Note that Theorem 2 is a special case of [23] , where it is shown that any set of d MUBs in dimension d can always be extended to a complete set.
Weakly Unextendible Sets of Five MUBs in d = 8
We next demonstrate a construction of weakly unextendible sets of MUBs in d = 8. The basic construction idea is similar to that in d = 4, but proving that such a construction always leads to an unextendible set turns out to be more complex in this case. there exists exactly one more maximal commuting class that can be constructed using the elements of C 1 ∪ . . . ∪ C 5 . Denoting this new class as S, {C 6 , C 7 , C 8 , C 9 , S} is a set of five unextendible Pauli classes, the common eigenbases of which form a set of weakly unextendible MUBs in d = 8.
We know from Lemma 3 that the only way to form a set S of seven commuting operators out of C 1 ∪ . . . ∪ C 5 is to pick three elements from one class (say C 1 ) and one element each from the remaining four classes. Furthermore, the three elements belonging to C 1 must be of the form {U i , U j , U i U j } ⊂ C 1 . We refer to Appendix B for a proof of Theorem 3.
The following theorem shows that starting with k = 5 classes out of a complete set, no other maximal commuting class can be formed using the operators in k such classes.
, it is not possible to construct another maximal commuting class using the elements of
Once again we refer to Section B for the proof. Together, Theorems 3 and 4 imply that it is possible to construct a set of exactly five weakly unextendible MUBs using tensor products of Pauli operators in d = 8; no more, no fewer.
Unextendible Sets in Higher Dimensions
The existence of unextendible sets of Pauli classes in d = 4, 8 relies entirely on properties (P1) through (P5) listed above, in particular, Lemma 3. Since these properties hold for all dimensions d = 2 n , our construction of unextendible sets of classes should generalize to higher dimensions d = 2 n (n ≥ 3) as well. However, we do not have a proof of such a general construction yet, so we will merely conjecture the existence of unextendible sets of d/2 + 1 MUBs here.
that belong to a complete set of maximal commuting classes in d = 2 n , there is exactly one more maximal commuting Pauli class S that can be formed using the operators of 
Suppose there exists a normalized vector |ψ that is unbiased with respect to all joint eigenvectors of the given classes. Since one of the eigenbases in both sets is the computational basis we can assume that |ψ is of the form
Denoting the joint eigenbasis of the class C i by B i = {|b
: α = 1, . . . , d}, we get the following conditions on the vector |ψ :
Note that (7) involves complex conjugation of the coefficients x j of the vector |ψ . Unbiasedness with respect to the computational basis implies that the coefficients x j in (6) must have modulus one, which implies that x j = 1/x j , where x j denotes complex conjugation.
Hence the left-hand side of (7) is a rational function in the d − 1 variables x j . Equivalently, we can consider the system of polynomial equations obtained from the numerators of the left-hand side of (7), provided that the denominator does not vanish. It turns out that the denominators are just products of the variables x j , so the additional condition requires that none of the variables x j vanishes.
Using the computer algebra system Magma [24] , we can compute a Gröbner basis for the ideal generated by the numerators of the conditions (7) . From the Gröbner basis we can deduce that for both the sets in (4) (d = 4) and (5) (d = 8), at least two of the coefficients x j must vanish, contradicting the assumption that |x j | = 1. Hence, there does not exist a vector |ψ that is unbiased to all bases, and therefore the sets of three and five MUBS in (4) (d = 4) and (5) (d = 8), respectively, are strongly unextendible.
We conclude this section by explicitly writing down the strongly unextendible set of bases corresponding to the classes in (4):
5 Applications of Unextendible Sets in d = 4
Our construction of unextendible sets of classes in dimensions where a complete set of such classes exist, offers new insight into the structure of MUBs in these dimensions. The complete set of MUBs in dimensions d = 2 n has d + 1 bases, which are optimal for state tomography, whereas the unextendible sets we construct contain d 2 + 1 bases. We now discuss potential applications of such smaller sets of MUBs for quantum foundations and for cryptographic tasks.
State-independent Proofs of the Kochen-Specker Theorem
Consider the set of three Pauli classes in d = 4 in (2). There exists an alternate partitioning of the nine operators that constitute the set, leading to another set of three commuting classes, namely,
The new classes C ′ i are formed by picking one commuting element each from each of C 1 , C 2 , and C 3 . Each of the nine Pauli operators in (2) is a part of two maximal commuting classes -C i and C ′ j . The partitions in (2) and (9) provide two separate contexts for each of these nine Pauli operators, thus leading to a state-independent proof of the Kochen-Specker (KS) Theorem [13] in d = 4, similar to the proof by Mermin [14] . We note that this example of a state-independent proof of the KS Theorem is one of nine other Mermin-like proofs obtained in [25] via an alternate approach. This set of ten Mermin-like proofs were together shown to yield a stronger violation of non-contextuality [25, 26 ] than Mermin's proof.
The existence of two such contexts for the same set of nine operators is a property unique to unextendible sets of classes in d = 4, as we will prove below. The existence of two such partitions of the same set of nine operators is not possible for an arbitrary triple of commuting classes that we may pick out of the complete set of five classes that exist in d = 4. Thus, the set of nine two-qubit Pauli operators used in Mermin's original proof also give rise to a weakly unextendible set of three MUBs, via a partitioning into an unextendible set of classes.
Theorem 5 Given an unextendible set of three maximal commuting Pauli classes {C 1 , C 2 , C 3 }, the nine operators that constitute these classes can be partitioned into a different set of three maximal commuting classes {C Proof: Let us denote the unextendible set of three classes as
If this set of three classes was in fact extendible, the operators in C 1 and C 2 must be distributed in such a way as to generate three more maximal commuting classes. But since these are unextendible classes, the products of the operators in C 1 and C 2 are distributed such that they form only one maximal commuting class, namely, C 3 . We have already encountered such a distribution in proving Theorem 1.
Then, as proved in Theorem 1, the remaining product operators
, and V 2 U 1 V 1 cannot be used to form a maximal commuting class. Any other assignment of commuting products to U 3 and V 3 will lead to a complete set of maximal commuting classes. Thus the class C 3 for an unextendible set is of the form
Therefore, there exist three other maximal commuting classes that can be formed using the operators in C 1 , C 2 , and C 3 :
This connection with proofs of the KS Theorem is not so straightforward for unextendible sets in d = 8. For example, consider the unextendible set of classes in (5). The operators constituting this set do have the property that they can be partitioned into another set of five Pauli classes, as follows: 
These new classes C ′ i are obtained by picking three commuting operators from the corresponding class C i in (5) and one operator each from the remaining four classes C j (j = i). Thus, we have a set of operators in d = 8 such that every operator is part of two different maximal commuting classes. However, unlike in the two-qubit case, this is not sufficient to obtain a state-independent proof of the KS Theorem. Whether this property of the existence of two contexts for each operator in the set holds in general for all unextendible sets in d = 8, and what role such sets play in proving violations of non-contextuality, remains to be seen.
Tightness of H 2 Entropic Uncertainty Relation
MUBs correspond to measurement bases that are most "incompatible", where the degree of incompatibility is quantified by entropic uncertainty relations. An entropic uncertainty relation (EUR) for a set of L measurement bases {B 1 , B 2 , . . . , B L } provides a lower bound on the average entropy H(B j ||ψ ):
for all states |ψ . Here, H(B j ||ψ ) denotes the entropy of the distribution obtained by measuring state |ψ ∈ S(C d ) in the measurement basis B i . Here we will focus on the collision entropy H 2 of the distribution obtained by measuring state |ψ in the measurement basis
: j = 1, . . . , d}, defined as,
For L MUBs in d dimensions, the collision entropy satisfies the following uncertainty
However, it is not known if this EUR is tight in general. Here, we use the result of Theorem 1 to show that this uncertainty relation is in fact tight for any three MUBs in d = 4, whether they be (a) part of a complete set of MUBs, or (b) a set of weakly unextendible MUBs. We merely state the result here and refer to Appendix C for the proof.
Theorem 6 Given a set of three maximal commuting Pauli classes {C 1 , C 2 , C 3 } in dimension d = 4 such that at least one more maximal commuting Pauli class S can be constructed by picking one element from each of C 1 , C 2 , and C 3 . Then, the common eigenstates of the operators in S saturate the following uncertainty relation:
where B i is the common eigenbasis of the operators in C i . The tightness of the uncertainty relation in (16) was first noted in [22] for the specific set of three MUBs in (2). Here we prove that the EUR is in fact saturated by all sets for three MUBs in d = 4. However, unlike in the case of d = 4, our construction of unextendible sets in d = 8 offers no immediate insight into the tightness of the uncertainty relation in d = 8.
Conclusions and Open Questions
In this paper we have explored the question of whether there exist smaller, unextendible sets of mutually unbiased bases in dimensions d = 2 n . We have shown by explicit construction the existence of sets of d/2 + 1 MUBs in dimensions d = 4, 8 from Pauli classes, that are unextendible using common eigenbases of operator classes from the Pauli group. Our construction is based on grouping the n-qubit Pauli operators into unextendible sets of d/2 + 1 maximal commuting classes. We have shown that specific examples of such unextendible Pauli classes in fact lead to strongly unextendible MUBs.
Since our construction relies on general properties of a complete set of Pauli classes which hold for any d = 2 n , we are led to conjecture the existence of such unextendible classes in higher dimensions (n > 3) as well. Furthermore, since our construction essentially relies on partitioning a unitary operator basis into classes of commuting operators, it has the potential to be generalized to the case of prime-power dimensions.
In the case of two-qubit systems we have pointed out an interesting connection between unextendible sets of Pauli classes and state-independent proofs of the Kochen-Specker Theorem. We have also shown that the tightness of the H 2 entropic uncertainty relation for any set of three MUBs in d = 4 follows as an important consequence of our construction.
We strongly suspect that the sets of weakly unextendible MUBs arising from our general construction in d = 4, 8 are in fact strongly unextendible. While we were able to prove this for specific examples presented in this paper, a general proof remains elusive. Furthermore, while we conjecture the existence of unextendible sets of MUBs in dimensions d = 2 n , proving this remains an open problem.
Recent works have shown that there exists a formal correspondence between unextendible sets of MUBs and maximal partial spreads of the polar space formed by the n-qubit Pauli operators in d = 2 n [27] . It will be interesting to study the implications of this connection for our conjecture on the existence of unextendible sets in higher dimensions.
four commuting operators (e. g.,
Uniqueness: We first show that it is not possible to construct more than one maximal commuting set from the operators in S 1 ∪ S 2 ∪ S 3 . Suppose U 3 = U 1 U 2 and V 3 = V 1 V 2 , so that there exist two maximal commuting sets:
Thus, the assumption that there exists more than one maximal commuting set implies that there exists a third maximal commuting set as well -
We will show that this in fact leads to a contradiction. Similar to S 3 , we can also obtain the remaining two classes S 4 and S 5 as products of
If U 1 V 2 , U 2 V 1 were to belong to the same class, the operator U 3 V 3 would occur in two different classes. Therefore, let U 1 V 2 ∈ S 4 and U 2 V 1 ∈ S 5 . Next, consider the products U 1 (U 2 V 2 ) and
, and we have assumed U 1 V 2 ∈ S 4 , this operator cannot belong to S 4 . And, since
Similarly, the product U 2 (U 1 V 1 ) cannot belong to S 4 or S 5 . Thus, our assumption that there exist two maximal commuting classes in S 1 ∪ S 2 ∪ S 3 leads to a situation where there are not enough commuting operators to form the remaining two classes S 4 and S 5 . On the other hand, suppose we had assumed U 3 = U 1 V 2 and V 3 = U 2 V 1 , we would have exactly one maximal commuting class, namely,
and a sufficient number of commuting operators to form the remaining two classes:
Existence: We next show that there has to exist at least one maximal commuting class (distinct from S 1 , S 2 , S 3 ) that can be formed using the set
. Once again, let S 4 and S 5 denote the two remaining classes that form a complete set. Consider the elements U 1 V 2 and V 1 V 2 . These cannot belong to either S 1 or S 2 , by construction. Suppose, U 1 U 2 , V 1 V 2 / ∈ S 3 either. Furthermore, U 1 U 2 and V 1 V 2 each have to belong to a different class, say S 4 and S 5 , respectively. For, if they belonged to the same class, say S 4 , we could form more than one maximal commuting class from the operators in S 1 , S 2 , S 4 , contradicting the uniqueness result above. Now, consider the operator U 1 V 1 U 2 V 2 . This also cannot belong to the classes S 1 or S 2 , by construction. Further, note that,
Similarly, we argue that it does not commute with V 1 V 2 either, implying that it cannot belong to the remaining two classes S 4 and S 5 . Thus, U 1 V 1 U 2 V 2 ∈ S 3 , leading to the existence of at least one maximal commuting class: Given a set of five maximal commuting classes {C 1 , . . . , C 5 } which are taken from a complete set of classes in dimension d = 8, there exists exactly one more maximal commuting class that can be constructed using the elements of C 1 ∪ . . . ∪ C 5 . Denoting this new class as S, the set {C 6 , C 7 , C 8 , C 9 , S} is a set of five unextendible MUBs in d = 8.
Proof:
We know from Lemma 3 that the only way to form a set S of seven commuting operators out of C 1 ∪ . . . ∪ C 5 is to pick three elements from one class (say C 1 ) and one element each from the remaining four classes. Furthermore, the three elements belonging to C 1 must be of the form {U i , U j , U i U j } ⊂ C 1 .
Existence: We first show that such a maximal commuting class S can always be found, given any five maximal commuting classes. Note that there are seven such distinct triples that can formed using the elements of C 1 . Once we pick three operators in C 1 , there is a unique element V (ij) ∈ C 2 that commutes with the first three. The remaining operators in S will therefore have to be U i V (ij) , U j V (ij) , and U i U j V (ij) . Our task is to show that at least one of the seven triples of the form {U i , U j , U i U j } is such that the corresponding operators
, and U i U j V (ij) must belong to the classes C 3 , C 4 , and C 5 respectively. This follows once we make the following observations:
, and U i U j V (ij) should each belong to a different class. Clearly, all three cannot belong to the same class, for that would imply that U i U j occurs in two different classes. No two of them can belong to the same class either, for the third is simply a product of the other two.
(T2) Let us label the seven triples that can be formed using the elements of C 1 as τ 1 , τ 2 ,. . . , τ 7 . Any two of them share exactly one common element, that is, |τ i ∩ τ j | = 1 for i = j. Consider two such triples of the form
is the unique operator in C 2 that commutes with τ 1 , and V (ik) ∈ C 2 the operator that commutes with τ 2 . The triples obtained by multiplying with the corresponding commuting elements in C 2 are distributed among the remaining classes such that the operators U i V (ij) and U i V (ik) belong to different classes. Thus, the elements of any two triples τ i and τ j cannot be distributed within three classes, but need four classes.
In order to satisfy the above constraints, the operators obtained as products of the triples τ 1 , τ 2 , . . . , τ 7 with the corresponding commuting operators in C 2 , must be distributed as follows:
This completes our proof of the existence of at least one triple of operators {U i , U j , U i U j } ∈ C 1 and the corresponding commuting operator
, and U i U j V (ij) ∈ C 5 . Thus, we have at least one maximal commuting class S as desired. Uniqueness: The distribution of triples in (B.1) shows that there exists exactly one triple of the {U i , U j , U i U j } ⊂ C 1 which can lead to a maximal commuting class S comprising of elements from C 1 ∪ C 2 ∪ . . . ∪ C 5 . The question remains as to whether we can find another maximal commuting class S ′ starting with two generators from a class other than C 1 . We will now argue that this is impossible using the fact that {C 1 , . . . , C 5 } is extendible to a complete set of nine maximal commuting classes.
We begin by noting that the complete set can be generated starting with any two maximal commuting classes, say C 1 and C 2 . Let {A 1 , A 2 , A 3 } denote a set of generators for C 1 and {B 1 , B 2 , B 3 } be a set of generators for C 2 . Each generator of C 2 commutes with at most two generators of C 1 and vice-versa. Without loss of generality, let us assume
Then, the generators of all classes can be denoted as follows:
While this construction might appear rather specific, in fact any complete set of maximal commuting classes in d = 8 can be realized in this fashion. In other words, given any two classes C 1 and C 2 in d = 8, we can always identify a set of generators {A 1 , A 2 , A 3 } ⊂ C 1 and {B 1 , B 2 , B 3 } ⊂ C 2 that generate the rest of the classes as described above.
Within such a realization of the complete set of maximal commuting classes, consider some set of five classes, for example, {C 1 , C 2 , C 4 , C 7 , C 8 }.
As proved earlier, there exists a maximal commuting class S that can be formed out of the operators in these five classes. Following our construction, the class S is obtained by choosing the generators A 1 , A 2 ∈ C 1 and the commuting generator B 3 ∈ C 2 :
This explicit construction allows us to see that S is in fact the only maximal commuting class that can be constructed from these five classes. We have already seen that such a class cannot be formed by choosing two other generators from C 1 . Starting with two generators B 1 , B 2 ∈ C 2 and the commuting generator A 3 ∈ C 1 , the resulting class has at least one operator A 3 B 2 that is not contained in C 4 , C 7 , or C 8 .
Pairs of generators in the remaining classes are of three different types: (a) Suppose we choose {A i (B i B j ), A j (B i B j B k )} to start with. The corresponding commuting operator in C 1 is A i A j . Taking products, the resulting class has no operator which is only a product of the B i 's, and therefore no operator from C 2 . The resulting class therefore contains at least one operator that is outside of the given five classes. (b) Suppose we choose
The corresponding commuting operator from C 1 is A i A j A k , the resulting class therefore has no operator from C 2 and cannot be formed using the operators in these five classes. (c) Choosing {A i B k , A j (B j B k )}, the corresponding commuting generators are A i ∈ C 1 and B k ∈ C 2 . But taking products, the operator A j B j is not contained in this set of five classes. We have thus shown that it is not possible to find two generators in C 2 , C 4 , C 7 , or C 8 , such that, along with the commuting generator from C 1 , they generate a different maximal commuting class within these five classes.
Finally, we note than any set of five classes can be realized as described in Equation (B.2), once the sets of generators {A 1 , A 2 , A 3 } and {B 1 , B 2 , B 3 } are suitably identified. Our uniqueness argument is therefore completely general, and shows that there exists only one more maximal commuting class in any set of five classes in d = 8.
Appendix B.2. Proof of Theorem 4
Theorem B.2 Given k maximal commuting classes C 1 , C 2 ,. . . , C k in dimension d = 8, it is not possible to construct another maximal commuting class using the elements of C 1 ∪. . .∪C k for k = 5.
Proof:
(i) k = 3: We first consider starting with C 1 , C 2 , and C 3 . Since no more than three elements in a given class can commute with a fixed element of a different class, there are only two ways to construct a maximal commuting class using the elements of C 1 ∪ C 2 ∪ C 3 :
(a) find three elements each from two of the classes (say C 1 and C 2 ) and one more element from C 3 that all commute, or (b) find three elements from C 1 and two elements each from C 2 and C 3 that mutually commute.
But we know from Lemma 3 that a given set of three operators in C 1 cannot commute with more than one element from either C 2 or C 3 . Thus, both constructions (a) and (b) are ruled out, and hence we cannot find a fourth maximal commuting class, given three maximal commuting classes.
The preceding argument also rules out the case of k = 2 classes, as we cannot chose more than three elements form a given class.
(ii) k = 4: Say we start with C 1 ,. . . , C 4 . In order to construct a maximal commuting set of seven operators form the elements of these four classes, we will again have to find two elements in one class that commute with three elements of a different class. This is not possible, as shown in Lemma 3. Thus, given four maximal commuting classes, we cannot form a fifth class using their elements.
(iii) k = 6: Given six maximal commuting classes in d = 8, the only way to construct another maximal commuting class is to pick one generator each from five of the classes (say C 1 ,. . . , C 5 ), and two elements from C 6 . However, Lemma 3 implies that it is not possible to pick exactly two operators from a single class that commute with one operator in a different class, in d = 8. The product of the two elements from C 6 gives a third operator in C 6 that also commutes with the other elements, thus exceeding the limit of seven commuting Pauli operators.
(iv) k = 7: Given seven maximal commuting classes in d = 8, the only way to construct another maximal commuting class is to find one element in each class such that all seven of them mutually commute. Note that given seven distinct elements, at least three of them must be independent. Assume that we pick three independent elements from the first three classes, i. e., A 1 ∈ C 1 , B 1 ∈ C 2 , and C 1 ∈ C 3 , Then the rest of the new maximal commuting class S is given by the products of these three operators, that is, we have We have therefore shown that it is not possible to construct a maximal commuting class by picking one element each from k = 7 such classes in d = 8.
